Abstract. We show that there exists no smooth fibration of a smooth complex quasi-projective variety of log-general type over a quasi-abelian variety. The proof uses M. Popa and C. Schnell's construction of Higgs bundle.
Introduction
In [9] , Popa and Schnell use the vanishing theory of Saito's Hodge modules [8] to prove the following Theorem 1. For any projective smooth variety of general type, there exists no non-vanishing global holomorphic one-form on it.
As an easy corollary to this theorem, we get Corollary 2. There exists no smooth fibration of a smooth projective variety of general type over an abelian variety.
To generalize the theorem to a log-version, we propose the following Conjecture 3. For any projective log-smooth pair (X, D) of log-general type, there exists no non-vanishing global holomorphic log-one-form.
According to [5] , see also Section 3, in particular Proposition 7, to prove this conjecture, it is natural to consider a morphism f : X → P r,d , and f −1 L ⊂ D, where P r,d is a natural compactification of a quasi-abelian variety T r,d (in the sense of Iitaka) , with the boundary divisor L. Then we need to show that for any log-one form on (X, D) which is of the form f * θ, where θ ∈ H 0 (Ω 1 P r,d (log L)), its zero locus is non-empty. When r = 0 and D = 0, this implies Theorem 1. However, the general case of the above conjecture is still open.
The difficulty of proving this conjecture using the method that appeared in [9] is to better understand the relation between log-forms and Saito's Mixed Hodge modules. In this paper, we give a very simple proof of the following two weak versions of the conjecture. Theorem 4. Let (X, D) be a log smooth pair with log canonical bundle ω X (D) which contains an ample line bundle. Then, for any global log-one-form θ ∈ H 0 (Ω 1 X (log D)), the zero locus of θ must be non-empty. Theorem 5. Let (X, D) be a projective log-smooth pair of log general type. Assume that we have a surjective projective morphism f : X \ D → T r,d , where T r,d is a quasi-abelian variety. Then, f is not smooth.
Given a smooth quasi-projective variety V , we say that (X, D) gives a smooth compactification of V , if (X, D) is log-smooth, i.e. X is smooth and D is a reduced divisor over X with simply normal crossing support, and X \ D = V . Since the logarithmic Kodaira dimension does not depend on the smooth compactification, Theorem 5 is only about X \ D.
When d = 0 and r = 1, Theorem 5 is just Theorem 0.3 in [12] , and in fact the proof in this case is very similar to the one that appeared in Viehweg and Zuo's work. Note that this is a corollary to Conjecture 3 as explained in Section 4.
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Proof of Theorem 4
Proof of Theorem 4. Assume θ ∈ H 0 (Ω X (log D)) is a global log-one-form that vanishes nowhere. We have the following exact Koszul complex defined by θ:
, and
Since ω X (D) contains an ample line bundle, we can write
for some ample divisor L and some effective (possibly trivial) divisor E on X.
Twisting the Koszul complex above by O X (L − D), we have the following exact sequence:
This exact sequence can be decomposed into the following short exact sequences:
By Akizuki-Kodaira-Nakano vanishing [1, 6. 4 Corollary], we have
Hence the natural differential map associated to the short exact sequences
) is surjective, we also have that
Hence, by Serre duality, we have
which contradicts the fact that E is effective.
Remark. The proof is based on the arguments that appears in [2] .
quasi-abelian varieties
In this section, we recall the definition of quasi-abelian varieties in the sense of Iitaka, [5] , and recall a couple of propositions that will be later used. We refer to Fujino's survey article [3] for details.
it is a connected commutative algebraic group which has the following Chevalley decomposition
Remark. The commutativity of T r,d is not necessary for the definition, since it can be deduced from the remaining conditions [3] .
We consider the following group homomorphism: 
is a globally free vector bundle. In particular, we have
Proof. Since T r,d is a symmetric space, the global T r,d -invariant 1-forms generate the cotangent space Ω viewed as a sub-bundle of Ω 1 P r,d ( * L). Now we need to show that this sub-vector bundle, denoted as T , is Ω
-invariant, we only need to show that it has at most a simple log pole along L. Restricted onto each P r -fiber of P r,d , its non-holomorphic part is a linear combination of For any smooth quasi-projective variety V , we use the notation T 1 (V ) to denote the space of global holomorphic one-forms on V that can be extended to a logone-form onto a smooth compactification of V . This space does not depend on the smooth compactification, [5] . Further, we can canonically define a quasi-albanese morphism a V : V →Ã V , whereÃ V is a quasi-abelian variety and we call it the quasi-albanese variety of V . In particular, if V is projective, a V is just the usual albanese morphism.
Proposition 7.
We have that
We refer to [3, 3.12] for the proof.
Proof of Theorem 5
In this section, we apply the Higgs bundle construction from [10] , and use the first reduction step in [9] , which also appeared in [12] , to prove Theorem 5
Proof of Theorem 5. Assume that the morphism f : X \ D → T r,d is smooth. After blowing up X on its boundary D and taking a log-resolution if necessary, we can extend f to X → P r,d ([4, II, Example 7.17.3]), which we also denote by f : X → P r,d . Since the logarithmic Kodaira dimension does not depend the smooth compactification, we still have that (X, D) is of log-general type. Denote the boundary divisor on P r,d by L, which has r + 1 T r,d -invariant components and consists r + 1 general hyperplanes restricting on each P r fiber. Denote p : P r,d → A the natural projection. Pick any ample effective divisor E on A and let
be the finite morphism which is defined in Section 3. Let φ : X ′ → X be the corresponding base change followed by normalization and a log-resolution, and let (X ′ , D ′ ) be the induced log-smooth pair. We may assume that
* L = 2kL and [2k] * E − 2kE is linear equivalent to an effective divisor, [7, II, 6] . Hence
. Then, by the above inclusion, we see that 
Since G is big, by [10, Theorem 9.4 (c) and Theorem 19.1], we conclude that
is big which is absurd.
Remark. In [10, Theorem 9.4], if we drop the assumption that f has connected fiber, we only lose the property that f * O Y = O X . The proof still works except that we must replace the result (a) by:
which is what is needed in the proof.
Finally, we show that Conjecture 3 implies Theorem 5 due to the following
, where X is smooth and quasiprojective and P r,d is the P r -bundle compactification of a quasi-abelian variety T r,d , with L be the boundary divisor on
) has a simple log pole on every point of D. In particular, it does not vanish at any point of D.
Proof. Since we can cover P r,d by finite trivial P r -bundles, we only need to prove the lemma over each of them. However, to show the trivial bundle case, it is not hard to see that we only need to show the case that P r,d = P r , and L = L 0 + ...+ L r is r + 1 hyperplanes of general position.
After changing coordinates, we can assume that L i is defined by x i = 0 and
.., r. After giving a finite affine covering {X i,j } of X i = f −1 (U i ), we only need to show the claim is true for each f | Xi,j : X i,j → U i .
Without loss of generality, we pick U 0 which is defined by x 0 = 0, hence
P r (log L))| U0 is a C-vector space with a base {dx i /x i }, for 1 ≤ i ≤ r. Pick one of those X 0,j , denoting it by V , and denote f | X0,j by g : V → U 0 . Abusing the notation a little bit, we let L i be the hyperplane defined by x i = 0 on U 0 and denote g * (L i ) = Hence, it is clear that, for a general linear combination of dx i /x i , its pull back will have a pole on every point of g −1 (L 1 + ... + L r ) and the coefficients of the poles do not have zero locus on that divisor.
